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For our project we were asked to work with sigma delta tiles and investigate some of their unique properties.
We were given the following:
Initialize u0 and v0
For n>=1:   	
If Un + .5Vn>=0,
     qn=1
Otherwise, qn=-1
Un+1=un-qn+fn
Vn+1=vn+un+1
Instead of working with a varying value for the smooth function fn, we set fn as a constant, x.
Initialize u0 and v0 as real numbers
For n>=1:   
If Un + .5Vn>=0,
     qn=1
Otherwise, qn=-1
Un+1=un-qn+x
Vn+1=vn+un+1
Next, we produced the tile formed by iterating the above function when x=0. We started with u within the set [-.5, .5] and v from [-1, 1]. We were able to prove that for all iterations n=1,2,3…  all subsequent points would remain in the tile.
Given tile: 

PROOF:
Claim: If (u0, v0) is a point in the tile, then all (un, vn) will be contained in the tile. 
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This can be proven by splitting the diagram into four parts. First, we will deal with the left hand triangle. All points in this triangle are contained in or on line segments with endpoints at the vertex (-1.5, -.5) and hypotenuse. After one iteration, the vertex maps to (-.5, -1). The hypotenuse maps to the line segment u=.5 for v in the set [-1, 1]. Additionally, all the lines originally drawn between the vertex and hypotenuse will be mapped between the new vertex and new line segment. These lines will all lie within the rectangle. 
All the points in the right hand triangle will remain in the tile after one iteration as well. Take vertex (1.5, .5) and all of the line segments that can be drawn from this point to the hypotenuse of this triangle (u=.5 for v in the set [-.5, 1.5]). The line segments between the point and hypotenuse contain all of the points in this triangle. Vertex (1.5, .5) maps to (.5, 1). The hypotenuse will map to u=-.5 for v in the set [-1,1]. Thus, all of the points originally contained in the right hand triangle will be mapped to the rectangle. 
All points end up in the central rectangle after one iteration if they started in the right or left hand triangles and after zero iterations if they began in the rectangle. To show that all points in the rectangle will remain in the tile after being iterated, we begin by drawing a diagonal through (-.5, 1) and (.5, -1). Thus, we have two triangles within our rectangle. The base of the upper right hand triangle (v=1 for u in the set [-.5, .5]) maps to v=u+1 for u in the set [-1.5, -.5]. The leg of the upper right hand triangle, u=.5 for v in the set [-1, 1] maps to u=-.5 with v in the set [-1.5, .5]. The lines drawn originally between the base and leg contain all the points in the upper right hand triangle of the rectangle. Thus, after the base and leg are mapped to the left hand triangle of the tile, all of these points will be mapped to the left hand triangle of the tile. For the lower left hand triangle of the rectangle, the base v=-1 for u in the set [-.5, .5] maps to v=u-1 for u in the set [.5, 1.5]. The leg u=-.5 for v in the set [-1, 1] maps to u=.5 for v in the set [-.5, 1.5]. Thus, the endpoints map to the right hand triangle, so all the points contained in lines drawn between them in the lower left triangle of the rectangle map to the right hand triangle. 
So now we know that all points that begin in the tile will remain in the tile. 
Translation of Tile
By shifting this tile of area equal to 4 left, right, up, and down by multiples of two units, the tile covers the entire plane. 

While we bound our tiles by lines, not all of these segments actually lie in the tile. This can be shown because of the property of translation. Boundary lines located across from each other horizontally or vertically lie 2 units apart on our graph. Thus, when one of the boundary lines is translated by 2 units, it will overlap the other boundary line, if all boundary lines actually existed. This indicates that only ½ of the boundary lines lie in the tile. The other lines merely serve to indicate the region the tile occupies; the points on these lines do not lie in the graph.
Area for Tile Translated by Increments of 1 Unit
Our next task was to prove that any figure that covers the plane when mapped by increments of one unit left, right, up, and down must have an area of 1. 
PROOF:
For any tile that covers the plane when translated by one unit in all directions, every point corresponds to a distinct fractional part. We can prove this by contradiction. Suppose there are two points with the same fractional part (i.e. the same (xmod1, ymod1)) in some tile. After k iterations, point (a,b) with fractional part (amod1, bmod1) will reach the other point (c,d) with (cmod1, dmod1)= (amod1, bmod1), since a+k and b+k will equal (c,d) as k is an integer and the fractional parts are equal.
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